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Abstract

The simpli_ed and the higher order curved beam theory published previously "International Journal of
Solids and Structures 29"0#\ 026Ð038 "0882# and International Journal of Solids and Structures 20"03#\ 0838Ð
0854 "0883## are applied to rotating disks with rectangular cross section subject to an instantaneous radial
failure[ The dependence of the angular size of the debris on the inner to outer radius ratio and on the load
level is examined and compared with semi!empirical and experimental results in the literature[ Finite element
calculations con_rm the results obtained with the higher order beam theory for moderate to high inner to
outer radius ratios[ It is shown that agreement with the experimental results can be further improved by a
proper choice of the boundary conditions[ Þ 0887 Elsevier Science Ltd[ All rights reserved[
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0[ Introduction

In previous articles the collapse of aircraft engine disks was examined using a simpli_ed one!
dimensional curved beam theory "Ko�hl and Dhondt\ 0882# and a higher order theory "Dhondt\
0883#[ The main concern was to check whether\ after an instantaneous radial failure of the disk
"due to a crack#\ a second failure would happen\ and if so\ at what angle 8cr from the _rst failure[
To this end\ the dynamical governing equations were solved\ in the simpli_ed theory by a Laplace
transformation and modal analysis\ in the higher order theory by the use of _nite di}erences[ The
disks at stake had an inner to outer radius ratio g of about g � 9[14 to g � 9[22 which is very low\
i[e[ the disks were very massive[ Both theories predicted a second failure at about 8cr � 099> to
8cr � 039> away from the _rst collapse\ although the growth of the internal forces was slower in
the higher order theory due to the overall _nite wave speed[ The occurrence of a second failure at
about 8cr � 019> from the _rst failure agrees with our experience and data in the literature for
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disks similar to the aircraft disks analysed\ i[e[ disks for which g ¾ 9[22 "Suzuki and Wada\ 0861#[
For disks with higher radius ratios g the experimental evidence points towards smaller second
failure angles 8cr "Bandera et al[\ 0882#[

Another important parameter governing 8cr is the stress level ratio h de_ned by the ratio of the
material strength "corresponding to the stress at second failure# to the nominal stress at _rst failure[
A value h × 0 can be regarded as realistic since the disk is normally operated at design conditions
which include a safety margin between the maximum design stress and the material strength[ The
_rst failure is frequently caused by external impact or by stress concentrations due to low cycle
fatigue cracks while the second failure is assumed to occur when the local stress has reached the
material strength[

In the present article the in~uence of the geometric parameter g and the stress level ratio
parameter h on the failure angle 8cr is examined[ After applying the simpli_ed theory in section 1\
its predictions are compared with semi!empirical theories in the literature "section 2#[ Next "section
3#\ a synopsis and critical appraisal of some test results reported in the literature is given and again
a comparison with the simpli_ed theory is made[ Section 4 looks into the predictions made by the
higher order theory leading to a qualitative explanation of the test results based on dispersive
e}ects[ Finally "section 5#\ extensive _nite element calculations\ when performed under the same
conditions\ con_rm the higher order theory for g × 9[4[ However\ they also show that better
agreement with the experimental evidence can be obtained by carefully modelling the spatial
progression of the _rst failure[

1[ Dynamic analysis involving radial displacements only

A dynamic analysis of the rotating disk after a sudden radial failure due to unstable crack
propagation involving the radial displacement as single dependent variable has been performed by
Ko�hl and Dhondt "0882#[ The disk was modelled as a curved beam under centrifugal loading and
the failure was assumed to occur at once over the complete cross section[ The results are expressed
in terms of the normalized normal force "Fig[ 0#

N�"8\ t#] �
N"8\ t#

qzr
�

M"8\ t#

qzr
1

"0#

where 8 is the angular position "8 � 9 at the initial crack position#\ t is the time\ N is the normal
force\ M is the bending moment and qz is the centrifugal load per circumferential unit length at
the center of gravity r of the cross!section[ N�"8\t# is plotted in Fig[ 1 as a function of the angular
distance 8 from the initial crack position at di}erent times after the initial failure "in Fig[ 1 t is the
normalized time t � t"EI:m#0:1:r1 where E is Young|s modulus\ I is the moment of inertia of the
cross section of the disk about an axis perpendicular to the disk plane and m is the mass per
circumferential unit of length#[ With increasing time the values of N� starting from N� 0 9 at t � 9
increase monotonically for all 8\ while every single curve exhibits a maximum value N�max over 8[
The angular position 8max of N�max propagates from 8 � 9> to 8 � 079>[ The functional dependence
between N�max and 8max is shown in Fig[ 2[ These quantities can be interpreted as critical values
where a second failure can occur and are therefore denoted by N�cr and 8cr[
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Fig[ 0[ Internal forces in the disk[

Fig[ 1[ Normalized normal forces at di}erent times[
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Fig[ 2[ Failure angle 8cr as a function of the critical normalized normal force N�cr[

The circumferential stress si at the inner radius ri of the disk is dependent on the normal forces
N and the bending moments M]

si "8\ t# �
N"8\ t#

A
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M"8\ t#
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"1#

A is the cross section area and Wi is its moment of resistance[ The coe.cient aki accounts for the
in~uence of the curvature " for a straight bar it takes the value aki � 0#\ see Beitz and Ku�ttner
"0872#[ In the present article\ only disks with rectangular cross sections are considered[ After
introducing the ratio g of the inner radius ri to the outer radius ro\ g] � ri:ro\ the geometric quantities
in eqn "1# take the form "d is the thickness of the disk#
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Substituting eqn "0# where
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"r is the mass density\ v is the circular frequency^ this formula is more accurate than eqn "54# in
Ko�hl and Dhondt "0882## and eqns "2# into eqn "1# leads to

si "8\ t# � rv1r1
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Let us assume that the second crack occurs at time t � tcr and at an angular position 8 � 8cr[
De_ning

si\cr] � si "8cr\ tcr#

N�cr] � N�"8cr\ tcr# "5#

the stress level ratio parameter h is introduced by

h] �
si\cr

si\o

"6#

h is the ratio of the stress immediately before the second failure to the nominal stress immediately
before the _rst failure "in an axisymmetric disk#[ Since si\cr is assumed to be equal to the material
strength\ h denotes the margin between the pre!failure stress and the material strength[ The
circumferential stress si\o in an uncracked disk at the inner radius is equal to "Timoshenko and
Goodier\ 0869#

si\o � rv1r1
o

2¦n

3 00¦
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"n is Poisson|s ratio#[ Combining eqns "4#\ "5#\ "6# and "7# we obtain the critical normalized normal
force N�cr as a function of h\ g and n]

N�cr � h
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A plot of N�cr:h as a function of g is given in Fig[ 3 " for n � 9[2#[
Finally\ the combination of the curves in Fig[ 2 and Fig[ 3 leads to Fig[ 4\ where the angle 8cr is

shown for h!values between 0[9 and 2[4 as a function of g[ It shows that 8cr decreases with increasing
g and decreasing h[ The dependence on h is not very outspoken[ Roughly speaking "e[g[ for
h � 0[4#\ 8cr attains 009> at g about 9[22\ 099> at g ¼ 9[4 and 59> at g ¼ 9[8[

Although the results were computed for the whole range 9 ¾ g ¾ 0\ it should be noted that the
theory assumes that during deformation radial cross sections remain plane\ which cannot be
guaranteed for small g!values[ Therefore\ the results for g ³ 9[1 should be handled with care[
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Fig[ 3[ Critical normalized normal force N�cr as a function of the geometric parameter g[

2[ Comparison with semi!empirical methods from the literature

In this section the semi!empirical methods derived by Bandera et al[ "0882# and Langbein "0865#
are discussed[

Bandera et al[ "0882# start from the quasi!static forces in a disk after a _rst failure[ These can
be derived from the dynamic solution "Ko�hl and Dhondt\ 0882# by taking the steady state limit

N�st "8#] � lim
t:�

N�"8\ t# � 0−cos 8 "09#

Next\ they consider the ratio of the quasi!static stress

si\st "8#] � lim
t:�

si"8\ t# "00#

"eqn "4# and eqn "09## to the stress si\o immediately before the _rst failure "eqn "7##]

si\st "8#
si\o

�"0−cos 8#
3"0−g2#

2g"2¦n#00¦
0−n

2¦n
g110

0¦g

0−g
ln

0
g
−11

"01#

and evaluate this ratio using experimentally determined angles 8 � 8cr\exp at which the second
failure occurred[ This led to the observation that
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Fig[ 4[ Failure angle 8cr according to the simpli_ed theory[

si\st "8cr\exp#
si\o

¼6h "02#

approximately holds\ independently of the values of g and n[
Bandera et al[ interpret the expression 6h in eqn "02# as {{dynamic stress correction factor||[

Indeed\ the second failure is expected to occur at an angular position 8cr\ where the material
strength "�hsi\o# is reached by si\st"8#[ However\ the angle obtained by substituting si\st"8# � hsi\o

into the quasi!static approach "eqn "01## is much smaller than the experimental evidence[ It is
concluded that this discrepancy is due to the non!dynamic treatment of the problem[ Therefore\
according to eqn "02#\ the pre!crack stress level si\o has to be multiplied by the factor 6h in order
to obtain the value of si\st"8cr# leading to the right failure angle 8cr when using the quasi!static
approach of eqn "01#[ This results in the formula

8cr � cos−0 &0−6h
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for the failure angle 8cr which is shown in Fig[ 5 for h � 0[9\ 1[9 and 2[9 as a function of g "n � 9[2#[
From the previous discussion it follows that the curve for h � 0 really is a model based interpolation
between experimental data points\ whereas the curves for h × 0 are genuine predictions[
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Fig[ 5[ Failure angle 8cr according to the literature[

The experimentally determined dynamic stress correction factor 6h can be compared to a similar
correction factor following from the dynamic analysis of section 1[ To this end N�cr is calculated
from eqn "8#[ Subsequently\ 8cr is determined from Fig[ 2 and _nally inserted into eqn "01#[ Figure
6 compares both approaches " for h � 0 and n � 9[2#] up to g � 9[4 the analytically determined
correction factor is between 5 and 7^ for large g!values\ however\ it increases steeply[

Langbein "0865# also developed a quasi!static semi!empirical formula for the second failure
angle[ However\ compared to Bandera et al[ "0882# his simpli_cations are more drastic since\ for
example\ he considers only bending moments and no normal forces for the circumferential stresses
and does not account for the curvature "cf the factor aki in eqn "1##[ The critical angle 8cr is
approximated by

8cr � 1 sin−0Xh
g4−1[00g3¦4[11g2−7[45g1¦3[78g−9[33

1[67"g−g3#
"04#

and is also shown in Fig[ 5[
Although the tendency is the same\ the Langbein results are consistently smaller than those by

Bandera[ For instance\ for h � 0\ the Langbein prediction for 8cr does not exceed 89>[ Comparison
of Fig[ 4 and 5 for h � 0 reveals that there is a reasonably good agreement between the simple
curved beam theory and the Bandera curve for g ¾ 9[4\ whereas 8cr is much larger in the simpli_ed
theory for g × 9[4[ For instance\ for g � 9[7 the simpli_ed theory predicts 8cr � 69>\ whereas
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Fig[ 6[ Dynamic stress correction factor[

Bandera yields 8cr � 39>[ Furthermore\ looking at the variation of h\ the simple beam results are
more narrow banded than the Bandera predictions[

3[ Critical appraisal of available experimental evidence

In the literature a number of very interesting test results have been reported and will be discussed
here[ However\ it should be noted that the present account is not meant to be exhaustive so that
additional material may exist the authors are not aware of[

The source for this section is the article by Bandera et al[ "0882#[ The authors quote in Fig[ 02
of their article test results by Langbein "0865#\ Robinson "0833#\ Genta and Pasquero "0877# and
Hagg and Sankey "0863# showing the number of disk fragments after failure[ These data are
reproduced in Fig[ 7[ A critical analysis of these data indicates that the results of Genta and
Pasquero as well as Hagg and Sankey have to be discarded\ since the failures were induced by cuts
or holes[ Indeed\ on page 563 Genta and Pasquero "0877# state] {{La rottura dei dischi e� stata
facilitata da tre schiere di fori su raggi posti a 019> in modo tale da causare la separazione di tre
frammenti di circa uguale massa|| "{{The failure of the disks was eased by three series of holes
along radii at 019> in order to induce a separation in three pieces of about the same mass||# and
Hagg and Sankey "0863# state on page 004] {{The disks were notched to separate into quarter
fragments at the burst speed||[ The test performed by Robinson "0833# appears to be a genuine
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Fig[ 7[ Experimental results[

test on an unnotched disk at h � 0[ The bulk of the test results is cited by Langbein "0865#\ who
got them from Suzuki and Wada "0861# and Siegmann "0862#[ Again\ the tests performed by
Suzuki and Wada seem to be tests on virgin disks at h � 0[ The circumstances of the very interesting
results at high g "g � 9[7# performed by Siegmann could not be veri_ed by the authors since the
test report is unpublished[ However\ Siegmann "0864# reports similar test results in his Ph[D[
dissertation[ The tests are indeed performed at h � 0 on virgin disks[ For g � 9[3 he reports three
to _ve debris\ for g � 9[5 _ve to eight debris and for g � 9[7 ten to _fteen debris\ which is even
higher than the number cited by Langbein[ However\ looking at the only picture which is included
for g � 9[7 "Fig[ 6 of the dissertation#\ it looks as if the size of the debris which have been counted
is very dissimilar\ ranging from about 34> to as small as 04>[ This leads to the conclusion that the
size of the debris between the _rst and the next failure cannot be generically determined by dividing
259> through the number of debris[ Still\ it is fair to say that the test results in Fig[ 7 point towards
a value of 8cr for g ¾ 9[3 of about 019>\ at g � 9[5 about 59> and at g � 9[7 about 39>[
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Finally\ there are a number of tests performed by Sato and Nagai "0852a\ 0852b#\ which were
cited by Bert and Paul "0884#[ Unfortunately\ the authors did not succeed in getting a copy of
these articles\ and thus it is di.cult to judge their validity\ since the experimental setup could not
be veri_ed[ The results for these tests plotted in Fig[ 7 are taken from Bert and Paul "0884#[

Comparing the valid test results in Fig[ 7 "assuming that the disk fragments all have the same
size#\ all represented by _lled symbols\ with Fig[ 4\ it is apparent that there is a match for g ¾ 9[4\
whereas for 9[4 ¾ g ¾ 0 the curved beam predictions are too high[ This phenomenon is further
examined in the next sections[ The Bandera et al[ curve for h � 0 "Fig[ 5# naturally matches the
experimental data since it was derived that way[ Test results for h × 0 have not been discovered[
Yet\ it should be emphasized that this is exactly the situation occurring in practice\ where the
design stress is usually distinctly smaller than the material strength[ In such a case a typical cause
for the _rst failure is a low cycle fatigue crack[ Finally\ as has been mentioned before\ it is important
to note that not all disks in the tests broke in equally sized pieces[ Some of the disks tested by
Suzuki and Wada "0861#\ for instance\ after cracking along 8cr � 019>\ cracked once more in the
middle of the remaining third segment opposite to the initial crack "079> away from it#[ Conse!
quently\ these disks broke into four unequally sized pieces\ the _rst two of them being larger than
the remaining ones[

4[ Dynamic analysis involving three displacements and three rotations

In a previous publication "Dhondt\ 0883# a higher order theory was used to show that aircraft
engine disks usually exhibit a second radial failure at about 099> to 039> away from a _rst failure[
In analogy to the simpli_ed theory\ a rotating disk was considered subject to a complete radial
failure and subsequent failures were analysed[ In the higher order theory\ however\ the _rst failure
was not introduced instantaneously[ Instead\ the internal forces present in the rotating disk at the
failure location before failure were linearly reduced to zero within a very short time interval Dt
chosen such that the numerical scheme remained stable[ For instance\ for g � 9[22 a time interval
Dt � 1[7 = 09−5 s was taken\ for g � 9[71\ Dt � 19[9×09−5 s[

The higher order theory essentially con_rmed the results of the simpli_ed theory\ although the
increase of the internal forces was substantially reduced due to the inclusion of the shear defor!
mation and rotary inertia[ This led to a _nite upper limit for the wave speed\ a phenomenon which
can also be observed by comparing the Bernoulli!Euler theory with the Timoshenko theory for a
straight beam[

Section 1 illustrated that for increasing g!values the simpli_ed theory predicts that the second
failure will occur at a smaller angle from the _rst failure[ The same tendency is observed for small
h!values "Fig[ 4#[ Using the higher order theory\ calculations were performed for a disk with a
rectangular cross section "height:width � 1\ height � 19 mm# for g!values of 9[22\ 9[71 and some
other values in between[ The circumferential stress szz at the inside of the disk\ the in!plane bending
moment My and the axial force N are shown in Figs 8 to 00 for g � 9[22 and in Figs 01 to 03 for
g � 9[71[ All quantities were normalized by division through si\o[ 8 is the angle measured from the
_rst failure location[

At this point it seems appropriate to discuss the failure criterion used to determine the location
of the second failure[ In all the calculations throughout the present article and in Ko�hl and Dhondt
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Fig[ 8[ Circumferential stress szz for g � 9[22[

"0882# as well as in Dhondt "0883# the circumferential stress at the inside of the disk was judged
to be the most suitable parameter for this purpose[ This corresponds to the maximum principal
stress which is also generally used in crack propagation calculations "Richard\ 0874^ Rooke and
Tweed\ 0861^ Yong Li Xu\ 0883#[ The authors prefer this parameter to the von Mises stress which\
in the authors| opinion\ is more suitable to detect yielding rather than fracture[

In Figs 8 and 01 the maximum value along each curve is a potential second failure location and
is characterized by a well!de_ned h!value[ Indeed\ if a second failure occurs at one of these maxima\
it means that the corresponding stress value has reached the material strength and its normalized
value "by division through si\o# is by de_nition "section 0# equal to h[ It is observed that\ for a
given value of h × 0\ a second failure of g � 9[71 "Fig[ 01# will occur at a smaller angle than for
g � 9[22 "Fig[ 8#[ For g � 9[22 the angle also decreases for a smaller h ratio[ For g � 9[71 this
tendency is reversed[ Indeed\ the second failure angle increases for smaller values of h[ This latter
phenomenon was not predicted by the simpli_ed theory[

The circumferential stress basically consists of a contribution from the bending moment My and
a contribution from the axial force N[ Before the _rst failure\ the bending moment and axial forces
are constant along the disk "My ³ 9\ N × 9#\ both leading to tensile circumferential stresses at the
inside boundary[ After the _rst failure\ the bending moment "Figs 09 and 02# at _rst decreases in
magnitude "and in fact drops to zero at the failure location#[ However\ soon afterwards a minimum
is created leading locally to higher tensile stresses at the inside boundary than before the failure[
It is observed that this minimum propagates slower "in rad:s and m:s# for g � 9[71 than for
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Fig[ 09[ In!plane bending moment My for g � 9[22[

Fig[ 00[ Axial force N for g � 9[22[
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Fig[ 01[ Circumferential stress szz for g � 9[71[

Fig[ 02[ In!plane bending moment My for g � 9[71[
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Fig[ 03[ Axial force N for g � 9[71[

g � 9[22[ The axial force "Figs 00 and 03#\ on the other hand\ basically exhibits an overall decrease
after the _rst failure\ strongest at the failure\ where it is reduced to zero\ less strong elsewhere[ This
leads to a decrease of the circumferential stress and constitutes a competing e}ect to the bending
moment[ A comparison of Fig[ 03 with Fig[ 00 shows that the axial force decrease preserves much
more its shape for g � 9[71 than for g � 9[22[

The dispersion curves for g � 9[22 and g � 9[71 are shown in Figs 04 and 05[ g¹ is the normalized
wave number "normalized by division through "I:A#0:1 where I is the moment of inertia of the cross
section and A is its area# and c¹ is the normalized wave speed "normalized by division through
"E:r#0:1 where E is Young|s modulus and r is the density#[ The curves show that "a# the smallest
axial force wave speed is higher for g � 9[71 than for g � 9[22^ "b# the axial force and bending
moment are coupled for g � 9[22\ whereas this is virtually not the case for g � 9[71^ "c# for the
axial force and torque there is much more dispersion for g � 9[22 than for g � 9[71[ Indeed\ for
g � 9[71 the curves approach the straight beam curves well known from the literature "Gra}\
0864#[

The absence of dispersion explains the shape preservation of the axial force waves for g � 9[71
"Fig[ 03#[ Therefore\ the sharp decrease of the axial force after the _rst failure keeps its shape while
propagating\ is re~ected at 8 � 079> and interacts with the slowly moving My!minimum yielding
a circumferential stress maximum at smaller 8cr!values than for g � 9[22[ It explains why the failure
angle decreases for increasing g[ In the same context the re~ected N!minimum leads to a decreasing
8cr for increasing h\ though this e}ect can be considered to be secondary[
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Fig[ 04[ Dispersion curves for g � 9[22[

Fig[ 05[ Dispersion curves for g � 9[71[
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Fig[ 06[ Failure angle 8cr according to the higher order theory vs g "interpolation#[

The maxima in Figs 8 and 01 together with results for a couple of other g!values yield "8cr\ h#
tuples for discrete g!values[ Through two!dimensional interpolation iso!h curves were derived in a
8cr−g diagram "Fig[ 06#[ The original data points "connected by linear segments# are shown in
Fig[ 07[ Comparing Fig[ 06 with Figs 4 and 5 it is observed that apart from a relatively small area
8cr consistently decreases as a function of g[ The anomalous behaviour for g ³ 9[34 and h ³0[7
"see also Fig[ 07# might be caused by the questionable application of a beam theory to g � 9[22[
The curves for h − 0[2 are wider apart than in the simple theory and seem to _t the Bandera et al[
predictions better[ However\ there is still the discrepancy at h ¹ 0 and g − 9[6\ where the Bandera
et al[ results predict 8cr � 39> and the simple and higher order theories about 8cr � 69>[ Since this
corresponds to a region where the beam theory should yield excellent results "since the disk is
reduced to a slender ring#\ the reason for this discrepancy cannot be attributed to the theory but
rather to the boundary conditions[ This will be analysed in section 5[ The decrease of 8cr as a
function of h for high g!values\ which was already noted in Fig[ 01\ is also very clear in Fig[ 07[

5[ Finite element calculations

In an e}ort to solve the discrepancies touched upon in the previous section\ extensive _nite
element "FE# calculations were performed with the commerical program ABAQUS "0884# using
implicit integration of the dynamic equations in the entire model[ The accuracy of the calculations
was checked by comparing the results obtained by two di}erent meshes\ a reasonably _ne and a
reasonably coarse mesh[ Twenty!node three!dimensional brick elements were used throughout[

Four values of g were analysed] g � 9[22\ g � 9[49\ g � 9[55 and g � 9[71[ Only one half of the
disk was meshed[ The boundary conditions consisted of the removal of the rigid body motions
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Fig[ 07[ Failure angle 8cr according to the higher order theory vs h "data points#[

and\ at t � 9\ the _xing of the symmetry plane in circumferential direction except for the crack
surface "where applicable#[ During the calculation these latter _xings were released at the site of the
_rst failure[ The inside boundary of the disk "j � ri# was stress!free throughout[ This corresponds to
a common practice in aircraft engine disks to drive the disks by means of a drive arm located
somewhere between j � ri and j � ro[ The number of elements used in circumferential direction\
over the width of the disk "ro−ri# and over the thickness d\ is given in Table 0[

The calculations were genuinely three!dimensional\ with d � 09 mm and ro−ri � 19 mm[ Yet\
the in~uence of the third dimension was not analysed\ and the results are probably comparable to
plane stress results[ Two!dimensional calculations on disks using a quasi!static approach were
recently performed by Bert and Paul "0884#\ yielding good agreement with the experimental
evidence provided by Sato and Nagai "0852a\ 0852b#[ However\ the method and especially the
boundary conditions they used were seriously questioned by the present authors "Bert and Paul\
0885^ Ko�hl and Dhondt\ 0885#[

At _rst the higher order calculations were traced[ In the same way as in the previous section the
stresses at the _rst failure location were linearly decreased to zero within a very short time interval
and uniformly over the complete cross section[ The interval in the FE!calculation was chosen
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Table 0
Number of elements used in the _nite element calculations

g Mesh Circumference Width Thickness

9[22 Coarse 7 3 1
Fine 05 7 1

9[49 Coarse 09 2 1
Fine 19 5 1

9[55 Coarse 19 2 0
Fine 39 5 0

9[71 Coarse 21 1 0
Fine 53 3 0

Fig[ 08[ Finite element results "uniform decrease of the stresses\ Dt ½ radius#[
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Fig[ 19[ Comparison between the FE calculations and higher order results[

proportional to the mean disk radius ranging from 3 = 09−5 s for g � 9[22 to 19×09−5 s for g � 9[71[
Though these times are not exactly identical to the ones of the higher order calculations\ additional
veri_cation with exactly the same time intervals did not show any change[

The 8crÐh curves are shown in Fig[ 08[ The strange behaviour of the higher order theory for
g � 9[22 and h ³ 0[7 has disappeared\ indicating that the beam theory\ though higher order\ might
not be completely appropriate in that area[ The other curves " for g � 9[4\ 9[55 and 9[71# show a
good qualitative agreement with the higher order theory[ Figure 19 allows for a direct comparison[
Although the form of the curves does not necessarily match\ the general tendency is well hit[ For
instance\ at g � 9[71 the e}ect of decreasing 8cr for increasing h is globally repeated\ although the
FE calculation points towards a stairs!like e}ect[ At the points of discontinuity the stress maximum
jumps from higher 8cr values to lower ones[ This same e}ect is observed for g � 9[4 and g � 9[55
at higher h!values[

Another new e}ect is the jump for g � 9[71 from about 69> to 079>[ This could well be linked
to the geometrical nonlinearities taken into account by the FE!calculation] as the thin ring widens
after the _rst failure\ the centrifugal forces increase\ leading to a distinct maximum at 079>[
However\ for g � 9[71 the discrepancy with the Siegmann experiments in the form of too high
values of 8cr remains[
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Fig[ 10[ FE results for v � 599 m:s "uniform decrease of the stresses#[

In subsequent calculations Dt was varied[ By looking at literature values "Machida and Yosh!
inari\ 0875# it was acknowledged that the chosen Dt!values leading to crack propagation speeds of
0999 to 4999 m:s might be too short and that a speed of about 599 m:s for steel might be more
appropriate[ The way the boundary conditions at the failure location were introduced was kept
the same\ i[e[ linearly decreasing stresses as a function of time\ uniformly over the cross section[
Dt was chosen to be the time needed for a crack to cross the disk width "19 mm for all disks# at a
velocity of 599 m:s "Fig[ 10# and 199 m:s "Fig[ 11#[ So\ contrary to the calculations leading to Fig[
08\ Dt was not dependent on g[ Comparing Figs 08\ 10 and 11\ a gradual smoothing is observed[
Qualitatively\ the curves in Fig[ 11 exhibit the same tendencies as in Fig[ 5\ except for g � 9[71[
This\ again\ could be related to geometrical nonlinearities[

In a further e}ort to improve the model for the _rst failure mechanism\ a crack was introduced
of 2[22 mm length\ i[e[ one sixth of the width of the disk[ Starting at the crack tip\ a noncontained
failure propagating at a constant velocity v � 599 m:s was modelled by successively releasing the
nodal forces along the failure cross section[ In the author|s opinion this is as close as one can get
to the real cracking conditions and very typical for uncontained aircraft engine disk failures[ The
8crÐh curves are shown in Fig[ 12[ It is immediately noticed that for h slightly above one the results
virtually coincide with the curves in Fig[ 5\ i[e[ the Siegmann experiments are well matched[
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Fig[ 11[ FE results for v � 199 m:s "uniform decrease of the stresses#[

Additional calculations have shown that the removal of the pre!failure crack of 2[22 mm does not
change the result substantially[ This seems to indicate that the accurate modelling of the radial
propagation of the _rst failure "no matter the initial size of the crack# is of utmost importance to
obtain correct results\ especially for high g!values[ Though at times jumpy\ there is a general
tendency for 8cr to increase with increasing h[ This again matches the expectations quite well[

6[ Conclusions

The simpli_ed and the higher order curved beam theory published earlier for the analysis of
aircraft engine disks were applied to disks with rectangular cross section for di}erent inner to outer
radius ratios g and for di}erent stress level ratio values h[ It was shown by the simpli_ed theory
that after a _rst radial failure a second failure will occur at an angle 8cr\ which decreases for
increasing g!values and decreasing h!values[ This is in qualitative agreement with semi!empirical
formulas and experimental results in the literature[ However\ quantitatively the predictions at high
g!values and h � 0 are too high[ The higher order theory basically con_rmed these tendencies\ but
led to a modi_ed h!dependence at high g!values[ Finite element calculations revealed that the
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Fig[ 12[ FE results for an uncontained failure at a constant speed v � 599 m:s[

discrepancies with the test results might be attributed to the way the _rst failure was introduced
and showed that a correct model for the spatial propagation of the _rst failure leads to a better
agreement with the experiments[
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